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In this paper, an exact solution of Kerr black hole surrounded by a cloud of strings in Rastall gravity is ob-
tained by Newman-Janis algorithm. The influence of the string parameter a0 on the black hole thermodynamics
is studied. Furthermore, according to this black hole solution, we investigate the effect of a cloud of strings on
gravitational deflection of massive particles. For a receiver and source at infinite distance from the lens object,
we use an osculating Riemannian manifold method. While the distance is finite, we apply the generalized Ja-
cobi metric method. For the case between the two situations, the Jacobi-Maupertuis Randers-Finsler metric and
Gauss-Bonnet theorem are employed. We find that the expression of angular velocity and entropy of the black
hole are the same as Kerr black hole. However, the string parameter a0 has obvious modification on Hawking
temperature and the gravitational deflection of massive particles.
I. INTRODUCTION
Einstein’s general relativity (GR) is a beautiful theory of
gravity. It has underwent a series of tests and became the
basis of modern astrophysics and cosmology. For GR, there
is an important assumption about conservation laws due to
equivalence principle: the covariant divergence of the energy-
momentum tensor is vanishing. Although this conservation
law has been tested specifically in a weak gravitational field
case, it may not hold in strong gravitational field. Assum-
ing the covariant divergence of the energy-momentum tensor
is non-zero, Rastall proposed an extended theories of grav-
ity [1]. This non-conservation gravity theory may provide a
model to explain the problems of dark energy and dark mat-
ter. Moreover, Rastall gravity seems to agree with the observa-
tional data of the universe age, Hubble parameter and helium
nucleosynthesis [2, 3]. Hence, it is still a very vital theory of
gravity. Recently interest of various areas within the context
of the Rastall gravity or the generalized Rastall theory can be
found in the literatures [4–11].
On the other hand, black hole (BH) is one of the most
interesting predictions of GR. In 2015, gravitational waves
from binary BH mergers were directly detected by LIGO and
Virgo collaborations [12], which is a crucial proof of the ex-
istence of BHs. Furthermore, the first image of the BH was
observed in 2019 by the Event Horizon Telescope collabora-
tion [13, 14]. For Rastall gravity model, some exact solutions
have been discovered. For example, Heydarzade et al. found
a static charged BH solution [15]. Moradpour et al. obtained
the traversable asymptotically flat wormholes [16]. Further-
more, the BH surrounded by different matter were proposed in
Rastall gravity. Heydarzade and Darabi obtained a class of so-
lutions of Kiselev-like BHs surrounded by perfect fluid [17],
where Kiselev’s original work can be found in [18]. Xu et al.
found the solution of Kerr-Newman-AdS BH surrounded by
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perfect fluid matter [19]. Very recently, Cai and Miao found
an exact solution of Schwarzschild BH surrounded by a cloud
of strings and investigated its Quasinormal mode and spec-
troscopy [20]. Acctually, rotating BH solutions are more gen-
eral and can provide more applications in astrophysics and
cosmology. Thus in this paper, we try to give an exact so-
lution of Kerr BH surrounded by a cloud of strings through
Newman-Janis algorithm.
Due to its importance to test fundamental theory of grav-
ity [21, 22], such as measuring the mass of galaxies and clus-
ters [23–25], detecting dark matter and dark energy [26–31],
and so on, here we will mainly study the gravitational lensing
for Kerr BH surrounded by a cloud of strings.
Typically, in most studies involving the gravitational deflec-
tion of light, the standard geodesics method was mainly con-
sidered [32–37]. The work by Gibbons and Werner in 2008
has dramatically changed this situation [38]. They applied
the Gauss-Bonnet (GB) theorem to study the weak gravita-
tional deflection of light in static and spherically symmetric
(SSS) spacetime such as Schwarzschild spacetime. In their
method, the deflection angle of light can be calculated by In-
tegrating Gaussian curvature of corresponding optical metric.
Importantly, Gibbons-Werner (GW) method shows that the
deflection angle can be viewed as a global topological effect.
Later, Bloomer [39] attempted to extend this geometrical ap-
proach to the stationary and axially symmetric (SAS) space-
time, where the corresponding optical geometry is defined
by a Randers-Finsler metric. Until 2012, Werner [40] com-
pletely solved this problem by building an osculating Rieman-
nian manifold of the Randers-Finsler manifold, with Nazım’s
method [41].
With the GW method, the light deflection in different space-
times have been widely studied by some authors. For ex-
ample, Jusufi et al. studied the deflection of light by BHs,
wormholes and others lens objects [42–48]. O¨vgu¨n et al.
studied light deflection in asymptotically non-flat spacetime
such as the Schwarzschild-like spacetime in bumblebee grav-
ity model [49–51]. Javed et al. studied the effect of different
matter fields on weak gravitational deflection of light [52–55].
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2Some other works can also be found in Refs. [56–59]. In ad-
dition, massive particle is an important class of element parti-
cles in our universe, and the analysis of the signatures of the
gravitational lensing will be useful to understand the proper-
ties of these particles. Due to the importance of this problem,
various works [60–69] have studied gravitational deflection of
massive particles by different lens objects in differential grav-
ity models. With GW method, Crisnejo et al. studied not only
the weak gravitational deflection of light in a plasma medium,
but also the deflection of massive particles, in SSS/SAS space-
times [70–72]. Jusufi studied the deflection angle of massive
particles in Kerr spacetime and Teo spacetimes, as well as the
deflection angle of charged massive particles in Kerr-Newman
spacetime [73, 74]. Moreover, with Jacobi metric method,
Li et al. studied the gravitational deflection of massive parti-
cles in wormhole spacetimes [75].
Inspired by the GW method, on the other hand, some au-
thors have studied the finite-distance gravitational deflection
of light, where the receiver and source are assumed to be at
finite distance from a lens. In 2016, Ishihara et al. [76, 77]
used the GB theorem to study the finite-distance deflection of
light in SSS spacetime. Later, Ono et al. [78–80] proposed a
generalized Jacobi metric method to extend the work to SAS
spacetime. It is worthwhile to mention that the generalized Ja-
cobi metric method can also be used to calculate the infinite-
distance deflection angle [81–84]. A review on finite-distance
deflection of light can be found in Ref. [85]. Furthermore,
Arakida [86] studied the finite-distance deflection of light in
Schwarzschild-ds and -ads spacetimes. In addition, Crisnej et
al. investigated the finite-distance deflection of light in SSS
gravitational field with a plasma medium [87]. Haroon et al.
studied the finite-distance deflection of light by a rotating BH
in perfect fluid dark matter with a cosmological constant [88].
Quite recently, by using Jacobi-Maupertuis Randers-Finsler
(JMRF) metric and GB theorem, Li et al. studied the finite-
distance gravitational deflection of massive particles both in
asymptotically flat spacetime [89] and asymptotically non-flat
spacetime [90].
There are a lot of works on the gravitational deflection,
where GB theorem was applied for various lens objects in dif-
ferent theories of gravity and in different asymptotic space-
times. However, little is known about the effects of a cloud of
strings on gravitational deflection angle of massive particles.
The aim of the present work is twofold. On one hand, we
will extend the static BH solution to the rotating case solution
by Newman-Janis algorithm. On the other hand, we will study
the effects of a cloud of string on both thermodynamic proper-
ties and weak gravitational deflection of massive particles. In
particular, we study the deflections for infinite-distance case
with Werner’s method, and for finite-distance case with the
generalized Jacobi metric method.
This paper is organized as follows. In Sec. II, we first re-
view the Schwarzschild BH surrounded by a cloud of strings
in Rastall gravity theory. Then, by using the Newman-Janis al-
gorithm, we derive an exact solution which represents a rotat-
ing Kerr BH surrounded by a cloud of strings in Rastall grav-
ity. Thereafter, the thermodynamic properties of this rotating
BH are discussed. Furthermore, according to this solution,
in Sec. III the GB theorem and osculating Riemannian mani-
fold method are used to study the effects of a cloud of strings
on gravitational deflection angle of massive particles for a re-
ceiver and source at infinite distance from the lens. In Sec. IV,
we use GB theorem and the generalized Jacobi metric method
to study the case for a receiver and source at a finite distance
from the lens. Finally, we end our paper with a short conclu-
sion in Sec. V. For simplicity, we set G = c = ~ = kB = 1
in this paper.
II. KERR BH SURROUNDED BY A CLOUD OF STRINGS
IN RASTALL GRAVITY
A. Schwarzschild BH surrounded by a cloud of strings
Let us begin with the field equation of Rastall gravity model
Gµν + βgµνR = κTµν ,
T µν;µ = λR,ν , (1)
where β ≡ κλ with λ being Rastall parameter and κ being
the Rastall gravitational coupling constant. It is required that
β 6= 1/6 and β 6= 1/4. Obviously, Eq. (1) is redued to the
field equation and the conservation of the energy-momentum
tensor within the context of the general relativity when λ = 0
and κ = 8piG.
Recently, Cai and Miao [20] obtained the solution of
Schwarzschild BH surrounded by a cloud of strings to the field
equation (1)
ds2 = −f(r)dt2 + dr
2
g(r)
+ r2dΩ2, (2)
where
f(r) = g(r) = 1− 2M
r
+
4a0
(
β − 1
2
)2
(8β2 + 2β − 1) r 4β2β−1
,
and dΩ2 = dθ2 + sin2 θdφ2 denotes the line element of the unit
2-sphere. Here, M is the mass of the BH and a0 is string parameter
linked to the energy density of the cloud of strings. It is obvious that
β 6= ±1/2, 1/4.
B. Newman-Janis algorithm and Kerr BH surrounded by a
cloud of strings
The Newman-Janis algorithm [91, 92] is a general technique to
obtain a SAS spacetime from SSS spacetime. For example, one
can apply it to construct the Kerr (Kerr-Newman) solution from
Schwarzschild (Reissner-Nordstro¨m) solution. Due to the conve-
nience, Newman-Janis technology has now been widely used in dif-
ferent gravitational theories [93–97]. In the following, it will be em-
ployed to build the rotating BH solution from static BH (2).
Via the coordinate transformation
du = dt− dr
f(r)
, (3)
the metric in Eq. (2) becomes
ds2 = −f(r)du2 − 2dudr + r2dΩ2. (4)
3Using the null tetrad, the inverse components of the metric can be
written as
gµν = −lµnν − lνnµ +mµm¯ν +mνm¯µ, (5)
or in the matrix form
gµν =

0 −1 0 0
−1 0 0 0
0 0 0 1
0 0 1 0
,
with m¯µ the complex conjugate of mµ, and one can chose the tetrad
vectors as follows
lµ = (0, 1, 0, 0) ,
nµ =
(
1,−g(r)
2
, 0, 0
)
,
mµ =
1√
2r
(
0, 0, 1,
i
sin θ
)
. (6)
Now a complex coordinate transformation can be performed on
the (u, r) plane
u→ u− ia cos θ,
r → r − ia cos θ, (7)
where a is the spin parameter. The new coordinates (u, r, θ, φ) is
called Edding-Finkelstein coordinates. The transformation leads to
f(r) → F (r, θ), g(r) → G(r, θ), and Σ = r2 + a2 cos2 θ. In
Edding-Finkelstein coordinates, the null tetrad becomes
lµ = (0, 1, 0, 0) ,
nµ =
(√
G
F
,−G
2
, 0, 0
)
,
mµ =
1√
2Σ
(
ia sin θ,−ia sin θ, 1, i
sin θ
)
. (8)
Then, according to Eq. (5), the metric can be obtained and the result
reads
ds2 = −Fdu2 − 2
√
F
G
dudr + 2a
(
F −
√
F
G
)
sin2 θdudφ
+Σdθ2 + 2a sin2 θ
√
F
G
drdφ
+ sin2 θ
[
Σ + a2
(
2
√
F
G
− F
)
sin2 θ
]
dφ2 . (9)
Next, one can change the Edding-Finkelstein coordinates (u, r, θ, φ)
to Boyer-Lindquist coordinates (t, r, θ, φ) via
du = dt+ ξ(r)dr,
dφ = dφ+ ζ(r)dr, (10)
where
ξ(r) = − r
2 + a2
r2g(r) + a2
,
ζ(r) = − a
r2g(r) + a2
,
F (r, θ) = G(r, θ) =
r2g(r) + a2 cos2 θ
Σ
. (11)
Finally, the Kerr BH solution surrounded by a cloud of strings in
Rastall gravity can be obtained
ds2 = −
(
1− A
Σ
)
dt2 +
Σ
∆
dr2
+Σdθ2 − 2aA sin
2 θ
Σ
dtdφ
+ sin2 θ
(
r2 + a2 +
a2A sin2 θ
Σ
)
dφ2, (12)
where
A = 2Mr − 4a0λ1r2−λ2 ,
∆ = r2 − 2Mr + a2 + 4a0λ1r2−λ2 ,
λ1 =
(
β − 1
2
)2
8β2 + 2β − 1 ,
λ2 =
4β
2β − 1 .
The solution returns to the Kerr solution in general relativity when
a0 = 0 [98]. Meanwhile, it returns to static solution (2) if a =
0. In this paper we mainly consider asymptotically flat case, which
requires λ2 > 0, i.e., β < 0 or β > 1/2.
C. Thermodynamic properties
In this subsection, we briefly discuss the thermodynamic proper-
ties of BH in Eq. (12). First, the BH horizons are described by
∆(r) = r2 − 2Mr + a2 + 4a0λ1r2−λ2 = 0. (13)
Obviously, when β → ±∞, the horizons become
r± = M ±
√
M2 − a2 − a0
2
, (14)
and other situations for−∞ < β < +∞ are complicated. However,
the BH could have two horizons with appropriate parameters a, a0
and β, as shown in Fig. 1.
Now, it is assume that the BH has two horizons and thus one can write the mass in terms of outer horizon r+ from Eq. (13), as follows
M =
1
2r+
(
r2+ + a
2 + 4a0λ1r
2−λ2
+
)
. (15)
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FIG. 1. The BH horizons, where vertical axis is denoted by ∆(r) and horizontal axis by r. We set M = 1 and take a, a0 and β as variables.
For the pictures in first line, a = 1 and a0 takes values 1, 0.5 and 0.1 corresponding to (a), (b) and (c), respectively. For the pictures in
the second line, a = 0.5 and a0 takes values 1, 0.5 and 0.1 corresponding to (d), (e) and (f), respectively. For the pictures in the last line,
a = 0.1, and a0 takes values 1, 0.5 and 0.1 corresponding to (g), (h) and (i), respectively. In all the nine figures, the thin black line, thick blue
line, purple dashed line, green dotted line and orange dash-dotted line correspond to β → ±∞, β = −1, β = −0.1, β = 0.6 and β = 1,
respectively. Note that we have added Kerr BH (a0 = 0) in each picture, plotted by Red solid lines.
Then, the tunneling method [99–101] can be used to calculate the
Hawking temperature. In tunneling method, setting dθ = dφ = 0
and θ = 0, the metric and Hawking temperature can be written as
ds2 = −fˆ(r)dt2 + 1
fˆ(r)
dr2, (16)
TH =
∂r fˆ(r)
4pi
|r=r+ . (17)
With this approach, our metric becomes
ds2 = − ∆
r2 + a2
dt2 +
r2 + a2
∆
dr2, (18)
and the Hawking temperature
TH =
(r+ −M) + 2a0r1−λ2λ1 (2− λ2)
2pi
(
r2+ + a
2
) , (19)
which can leads to the Hawking temperature of Kerr BH as a0 =
0 [100]. The angular velocity of metric in Eq. (12) is
Ω = −g03
g33
|r=r+=
a
r2+ + a
2
. (20)
The area of the BH is
ABH =
∫ √
g22 g33 dθdφ = 4pi
(
r2+ + a
2) , (21)
and the Bekenstein-Hawking entropy of the BH can be calculated by
area of the BH as follows
SBH =
ABH
4
= pi
(
r2+ + a
2) . (22)
One can see that the string parameter a0 has the effects on angular
velocity and Bekenstein-Hawking entropy by affecting r+. However,
the expression of angular velocity and Bekenstein-Hawking entropy
are the same as the Kerr BH, which is different with Kerr-Newman-
NUT-Quintessence BH [101].
5III. INFINITE-DISTANCE GRAVITATIONAL
DEFLECTION OF MASSIVE PARTICLES
A. JMRF metric
The Jacobi (or Jacobi-Maupertuis) metric is a powerful tool in ge-
ometrodynamics. In 2016, Gibbons [102] derived the Jacobi metric
of a static spacetime, which is an energy-dependent positive Rieman-
nian metric. In 2019, Chanda et al. [103] discovered the Jacobi met-
ric of stationary spacetime, which is an energy-dependent Randers-
Finsler metric. A more general discussion of Jacobi metric can be
found in Ref. [104]. The spatial part of time-like geodesic in space-
time is the spatial geodesic in the corresponding Jacobi metric space
and thus the Jacobi metric method has been widely used in the study
of particle motion in curved spacetime. For example, it was used to
study Kepler orbit [105, 106], gravitational deflection of massive par-
ticles [75, 89, 90], the motion of charged particles [107], and Hawk-
ing radiation [108]. As mentioned above, the Jacobi-Maupertuis met-
ric of a stationary spacetime is a Randers-Finsler metric described by
(α¯, β¯), say
F(xi, dxi) = dsJ =
√
α¯ijdxidxj + β¯idx
i,
where α¯ij is a Riemannian metric and β¯ is a one-form, satisfying
α¯ij β¯iβ¯j < 1. The Jacobi metric of a stationary spacetime, JMRF
metric, reads [103]
α¯ij =
E2 +m2g00
−g00 γij , (23)
β¯i = −E g0i
g00
, (24)
where m and E is the mass and energy of the particle, respectively,
and the spatial metric γij is defined by
γij ≡ gij − g0ig0j
g00
.
It should be noted that Crisnejo et al. recently derived JMRF metrics
with optical media method [72]. For metric in Eq. (12), one can
obtain the corresponding JMRF metric as follows
α¯ijdx
idxj =
(
E2
1− A
Σ
−m2
)[
Σ
∆
dr2 + Σdθ2 + sin2 θ(
a2 + r2 +
a2A sin2 θ (Σ− 4A)
Σ2
)
dφ2
]
,
β¯idx
i = −aEA sin
2 θ
Σ−A dφ. (25)
on the equatorial plane (θ = pi/2), the Randers-Finsler metric can be
simplified as
α¯ijdx
idxj =
(
E2
1− A
r2
−m2
)[
r2
∆
dr2
+
(
a2 + r2 +
a2A
(
r2 − 4A)
r4
)
dφ2
]
,
β¯idx
i = − aEA
r2 −Adφ. (26)
The energy of the particle E can be expressed by the velocity v of
the particle
E =
m√
1− v2 , (27)
and this expression will be used in the following.
B. Osculating Riemannian manifold and Gauss-Bonnet
theorem
Denoting a smooth manifold by M , the Finsler metric F(x, y) is
a function on the tangent bundle TM , and its Hessian reads [109]
gij(x, y) =
1
2
∂2F2(x, y)
∂yi∂yj
. (28)
To introduce the GB theorem to study the light deflection,
Werner [40] applied Nazım’s method to construct an osculating Rie-
mannian manifold (M, g˜) of Finsler manifold (M,F). Following
this scheme, a smooth nonzero vector field Y which is tangent to
the geodesic ηF , say Y (ηF ) = y, can be chosen, and a Riemannian
metric can be obtained by Hessian
g˜ij(x) = gij (x, Y (x)) . (29)
By this construction, the geodesic in (M,F) is still a geodesic in
(M, g˜), i.e. ηF = ηg˜ , for which the details are shown in Ref. [40].
On the equatorial plane, our Randers-Finsler metric in Eq. (26) leads
to
F (r, ϕ, Y r, Y ϕ) =
√√√√m2( 1(
1− A
r2
)
(1− v2) − 1
)[
r2
∆
(Y r)2 +
(
a2 + r2 +
a2A (r2 − 4A)
r4
)
(Y φ)2
]
− aEA
r2 −AY
φ . (30)
In the present work, we mainly consider the terms including M,Ma, a0 in deflection angle and terms containing Ma0, aa0 are ignored. The
approximation is denoted as O(M2, a2, a20). To this end, the straight line approximation will be considered, i.e., the zeroth-order particle ray
r = b/sinφ. Near the particle ray, one can choose the vector field as
Y r =
dr
dl
= −cosφ
mλv
√
1− v2 , Y ϕ = dϕ
dl
=
sin2 φ
mbv
√
1− v2. (31)
6Finally, substituting Eq. (30) into Eq. (28), and using Eq. (31), the osculating Riemannian metric can be obtained as follows
g˜rr =
m2
1− v2
v2 + 2m (1 + v2)
r
− 2aMrv sin
6 φ
b3
(
cos2 φ+ r
2
b2
sin4 φ
)3/2 − 4a0r−λ2(1 + v2)λ1
+O (M2, a2, a20) , (32)
g˜rϕ =
m2
1− v2
2Mav cos3 φ
r
(
cos2 φ+ r
2
b2
sin4 φ
)3/2 +O (M2, a2, a20) ,
g˜ϕϕ =
m2
1− v2
v2r2 + 2Mr − 2Marv sin2 φ
(
3 cos2 φ+ 2 r
2
b2
sin4 φ
)
b
(
cos2 φ+ r
2
b2
sin4 φ
)3/2 − 4a0r2−λ2λ1
+O (M2, a2, a20) . (33)
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FIG. 2. A region Dr0 ⊂ (M, g˜ij), with ∂Dr0 = ηg˜ ∪ Cr0 . The
particle ray ηg˜ is a geodesic in Dr0 and the curve Cr0 is defined
by r(φ) = r0 = constant. S, R and L denote the source, the
receiver, and the lens, respectively. α is the deflection angle. Note
that ϕS + ϕR → pi as r0 →∞.
Now, the particle ray is a geodesic in the osculating-Riemannian-
metric spacetime. In the next, we will use the GB theorem to study
the gravitational deflection, and let us briefly introduce the GB theo-
rem first. The GB theorem deeply connects the geometry and topol-
ogy of a surface. LetD be a compact, oriented surface with Gaussian
curvature K and Euler characteristic χ(D), and its boundary ∂D is
a piecewise smooth curve with geodesic curvature k. Then GB theo-
rem states that [38, 110]
∫∫
D
KdS +
∮
∂D
k dl +
∑
i=1
ϕi = 2piχ(D), (34)
where dS is the area element, dl is the line element of boundary, and
ϕi is the jump angle in the i-th vertex of ∂D in the positive sense,
respectively.
Then, one can consider a region Dr0 ⊂ (M, g˜ij) bounded by a
particle ray ηg˜ from source (S) to receiver (R) and a curve Cr0 de-
fined by r = r0 = constant, i.e., ∂Dr0 = ηg˜ ∪ Cr0 . Due to the
fact that ηg˜ is a geodesic in Dr0 , one can have k(ηg˜) = 0. For the
curve Cr0 , when r0 → ∞, we have k(Cr0)dl → dφ, and there-
fore
∫
C∞ k(C∞)dl =
∫ pi+α|∞
0
dφ, with α|∞ the infinite-distance
deflection angle. In addition, one can see χ(Dr0) = 1 in the region
outside of the lens object (L), and noticing that ϕR + ϕS → pi as
r0 →∞, finally one can have∫∫
Dr0
K˜dS +
∫ R
S
dφ+ ϕR + ϕS
r0→∞=
∫∫
D∞
K˜dS +
∫ pi+α|∞
0
dφ+ pi = 2pi, (35)
with GB theorem to the region Dr0 . From this, the infinite-distance
deflection of massive particles can be calculated by
α|∞ = −
∫∫
D∞
K˜dS. (36)
In the expression above, one can see that the deflection angle is
coordinate-invariant, and in addition, the Gaussian curvature of a sur-
face defined by Remiannian metric gij in equatorial plane (r, φ) can
be calculated as in Ref. [40]
K = 1√
det g
∂
(√
det g
grr
Γφrr
)
∂φ
−
∂
(√
det g
grr
Γφrφ
)
∂r
 . (37)
C. Infinite-distance deflection angle of massive particles
Now, according to Eq. (36), we can investigate the effects of a
cloud of strings on gravitational deflection angle of massive particles
for a receiver and source at infinite distance from the rotating BH in
Rastall gravity. First, the Gaussian curvature of osculating Rieman-
nian metric g˜ij can be calculated by Eq. (37) and the result is
K˜ = −
(
1− v4)M
m2r3v4
+
2a0
(
1− v2)λ1λ2 (v2 + λ2)
m2v4r2+λ2
+
3Ma
(
1− v2)
4m2v3b2r2
Ξ (r, ϕ) +O (M2, a2, a20) , (38)
where
Ξ (r, ϕ) =
sin3 φ(
cos2 ϕ+ r
2
b2
sin4 φ
)7/2
[
2 cos6 φ
(
−2 + 5r
b
sinφ
)
+2
r
b
cos2 φ sin5 φ
(
2− r
2
b2
+
r2
b2
cos(2φ) + 4
r
b
sinφ
)
+ cos4 φ sin2 φ
(
−2 + 9r
b
sinφ− 10r
3
b3
sin3 φ
)
+
r2
b2
(
−r
b
sin9 φ+ 2
r3
b3
sin11 φ+ sin4(2φ)
)]
. (39)
7Then, by Eq. (36), the infinite-distance deflection angle of massive
particles can be obtained in the following
α|∞ = −
∫ pi
0
∫ ∞
b/sinφ
K˜
√
det g˜ drdφ
=
∫ pi
0
∫ ∞
b/sinφ
[(
1 + v2
)
M
r2v2
− 2a0λ1λ2
(
v2 + λ2
)
v2r1+λ2
−3Ma
rvb2
Ξ (r, ϕ)
]
drdϕ+O (M2, a2, a20)
= αK |∞ + αa0 |∞ +O
(
M2, a2, a20
)
, (40)
where αK |∞ denotes the infinite-distance angle of massive particles
in Kerr spacetime, and αa0 |∞ is the part of deflection angle related
to a cloud of strings,
αK |∞ =
∫ pi
0
∫ ∞
b/sinφ
[(
1 + v2
)
M
r2v2
− 3Ma
rvb2
Ξ (r, ϕ)
]
drdϕ
=
2M
(
1 + v2
)
bv2
− 4Ma
b2v
,
αa0 |∞ = −
∫ pi
0
∫ ∞
b/sinφ
2a0λ1λ2
(
v2 + λ2
)
v2r1+λ2
drdφ. (41)
When a0 = 0, we have αa0 |∞ = 0, and the result agrees with the
deflection angle of massive particles in Kerr spacetime [66]. Notice
that we have assumed that λ2 > 0, and for the sake of simplicity,
we further require λ2 to be an integer. Therefore, the second expres-
sion of Eq. (41) can be calculated, and the result is expressed using
gamma function
αa0 |∞ = −
2a0
√
piλ1
(
λ2 + v
2
)
bλ2v2
Γ[ 1
2
+ λ2
2
]
Γ[1 + λ2
2
]
. (42)
Finally, Eq. (40) can be rewritten as
α|∞ = 2M
(
1 + v2
)
bv2
− 2a0
√
piλ1
(
λ2 + v
2
)
bλ2v2
Γ[ 1
2
+ λ2
2
]
Γ[1 + λ2
2
]
±4Ma
b2v
+O (M2, a2, a20) , (43)
where positive and negative signs correspond to retrograde and pro-
grade particle orbits, respectively. For light case (v = 1), the deflec-
tion angle reads
α|∞(v = 1) = 4M
b
− 2a0
√
piλ1 (λ2 + 1)
bλ2
Γ[ 1
2
+ λ2
2
]
Γ[1 + λ2
2
]
±4Ma
b2
+O (M2, a2, a20) . (44)
one can see that the effect of a cloud of strings on infinite-distance
deflection angle of light has not been eliminated.
IV. FINITE-DISTANCE GRAVITATIONAL DEFLECTION
OF MASSIVE PARTICLES
In the last section, with Werner’s method, we study the infinite-
distance gravitational deflection of massive particles in rotating BH
surrounded by a cloud of strings. In this section, we will con-
sider finite-distance deflection, a more general situation where the
receiver and source at finite distance from the lens object. In this
case, Werner’s method seems not feasible [78]. In Ref. [78], Ono et
al proposed a generalized optical method to study the finite-distance
deflection of light. Recently, Li et al. [89, 90] extended the study to
massive particles case based on JMRF metric.
L S′S
R′
R
R′
RS
′
S
ηα¯
Cr0
ΨR
pi − ΨS
FIG. 3. The quadrilateral R
′
RS
′
S ⊂ (M¯, αij). ηα¯ is the particle ray
from source S to receiver R, deflected by lens object L. R′ and S′
are the intersection points of radial direction and curve Cr0 , from
the L to R and S, respectively. ΨR and ΨS are angles between the
tangent of the particle ray and the radial direction from the lens in
R and S, respectively. Note that ϕR = ΨR and ϕS = pi − ΨS . In
addition, ϕR′ + ϕS′ → pi as r0 →∞.
A. The generalized Jacobi metric method
Here, it is assumed that the particles move in a 3-dimensional
Riemannian space M¯ defined by generalized Jacobi metric α¯ij in
Eq. (25),
dl2 = α¯ijdx
idxj . (45)
Now, the motion of particles does not follow the geodesic in M¯ , and
then Eq. (36) does not work. However, by GB theorem one can add
a term related to geodesic along particle ray to calculate the gravita-
tional deflection angle. For metric in Eq. (25), the geodesic curvature
along particle ray ηα¯ can be calculated [78]
k(ηα¯) = −
∂β¯ϕ
∂r√
det α¯ α¯θθ
. (46)
To study the finite-distance deflection, we apply the definition of
deflection angle proposed in Ref. [78]
α ≡ ΨR −ΨS + φRS , (47)
where ΨR and ΨS are angles between the tangent of the particle ray
and the radial direction from the lens to receiver and source, respec-
tively, and the coordinate angle φRS ≡ φR − φS .
Let us now consider the quadrilateral R
′
RS
′
S ⊂ (M¯, α¯ij), as
shown in Fig. 3. It is bounded by four curves: the particle ray ηα¯,
a curve Cr0 as defined in the previous section, two spatial geodesics
of outgoing radial lines from R to R′, and S to S′, respectively. For
this region, one can see χ(R
′
RS
′
S ) = 1, and additionally, we have
φS = pi − ΨS and φR = ΨR. Thus, using GB theorem to the
quadrilateral, one can obtain
∫∫
R′
R
S′
S
KdS −
∫ R
S
kgdl +
∫
Cr0
kgdl
+ ΨR + (pi −ΨS) + ϕS′ + ϕR′ = 2pi. (48)
For curve Cr0 ,
∫
C∞ k(C∞)dl = φRS , and furthermore, the sum
of two jump angles ϕ′R + ϕ
′
S = pi as r0 → ∞. Therefore, when
8r0 →∞, Eq. (48) leads to∫∫
∞
R
∞
S
K¯dS −
∫ R
S
k(ηα¯)dl + φRS + ΨR −ΨS = 0 . (49)
Then, according to the definition of deflection angle in Eq. (47), the
above equation can be rewritten as
α = −
∫∫
∞
R
∞
S
K¯dS +
∫ R
S
k(ηα¯)dl. (50)
This expression shows that the finite-distance deflection angle is also
coordinate-invariant. In addition, this expression can be used to cal-
culate the infinite-distance deflection as long as we let rR → ∞
and rS → ∞, and this is the reason we say that the finite-distance
deflection is more common than infinite-distance deflection.
B. Finite-distance deflection angle of massive particles
Substituting the corresponding metric components in Eq. (26) into
Eq. (37), one can obtain the Gaussian curvature of the generalized
Jacobi metric as follows
K¯ = 2a0λ1λ2
(
1− v2) (λ2 + v2)
m2v4r2+λ2
−
(
1− v4)M
m2v4r3
+O(M2, a2, a20). (51)
On the other hand, the geodesic curvature of a particle ray in gener-
alized Jacobi space (M¯, α¯ij) can be calculated by Eq. (46), and the
result is
k(ηα¯) = −2
√
1− v2Ma
mv2r3
+O (M2, a2, a20) . (52)
From Eq. (45), one can have
k(ηα¯)dl =
[
−2Ma sinφ
b2v
+O (M2, a2, a20)] dφ, (53)
where r = b/ sinφ. Finally, substituting the above mentioned quan-
tities into Eq. (50), the deflection angle is
α =
∫ φR
φS
∫ ∞
b
sinφ
[
−2a0λ1λ2
(
λ2 + v
2
)
v2r1+λ2
+
(
1 + v2
)
M
v2r2
]
drdφ
−
∫ φR
φS
2Ma sinφ
b2v
dφ+O (M2, a2, a20) . (54)
According to straight line approximation, we have φS = arcsin brS
and φR = pi − arcsin brR . When α0 = 0, Eq. (54) reduces to Kerr
BH case, and the result becomes [89]
αK =
(
1 + v2
)
M
(√
1− b2
r2
R
+
√
1− b2
r2
S
)
bv2
±
2Ma
(√
1− b2
r2
R
+
√
1− b2
r2
S
)
b2v
, (55)
where the positive and negative signs correspond to retrograde
and prograde particle orbits, respectively. Accordingly, the finite-
distance deflection angle of massive particles in Eq. (54) can be
rewritten as
α = αK + αa0 +O
(
M2, a2, a20
)
, (56)
where
αa0 = −2a0λ1λ2
(
1 +
λ2
v2
)∫ φR
φS
∫ ∞
b
sinφ
r−1−λ2drdφ ,
= −2a0λ1
(
λ2 + v
2
)
bλ2v2
∫ φR
φS
sinλ2 φdφ
= −2a0λ1
(
λ2 + v
2
)
bλ2v2
×
[√
1− b
2
r2R
2F1
(
1
2
,
1− λ2
2
,
3
2
, 1− b
2
r2R
)
+
√
1− b
2
r2S
2F1
(
1
2
,
1− λ2
2
,
3
2
, 1− b
2
r2S
)]
. (57)
Here, 2F1(a, b; c; z) is the Hypergeometric function. Let v = 1, it is
shown that the finite-distance deflection angle of light is also effected
by the cloud of strings. In addition, for rR → ∞ and rS → ∞,
the infinite-distance deflection angle of massive particles in Eq. (43)
can be recovered. Furthermore, the difference between the finite-
and infinite-distance deflection angles can be described by the finite-
distance correlation
δα = α|∞ − α = δαK + δαa0 , (58)
where δαK = αK |∞ − αK and δαa0 = αa0 |∞ − αa0 .
In the following, several specific values of λ2 will be considered to
show the effects of a cloud of strings on finite-distance gravitational
deflection angle of massive particles.
1. β → ±∞, λ1 = 1/8, λ2 = 2
When β → ±∞, we have λ1 = 1/8, λ2 = 2, and Eq. (57)
becomes
αa0 = −
a0
(
2 + v2
)
8b2v2
(
b
rR
√
1− b
2
r2R
+
b
rS
√
1− b
2
r2S
+pi − arcsin b
rR
− arcsin b
rS
)
. (59)
Meanwhile, the infinite-distance deflection angle can be recovered
αa0 |∞ = −
a0pi
(
2 + v2
)
8b2v2
. (60)
2. β = 3/2, λ1 = 1/20, λ2 = 3
When β = 3/2, we have λ1 = 1/20, λ2 = 3, and Eq. (57) leads
to
αa0 = −
a0
(
3 + v2
)
30b3v2
[
2
√
1− b
2
r2S
+ 2
√
1− b
2
r2R
+
b2
√
1− b2
r2
R
r2R
+
b2
√
1− b2
r2
S
r2S
]
. (61)
When rR → ∞ and rS → ∞, the infinite-distance deflection angle
becomes
αa0∞ = −
2a0
(
3 + v2
)
15b3v2
. (62)
93. β = 1, λ1 = 1/36, λ2 = 4
Let β = 1, and we have λ1 = 1/36, λ2 = 4. In this case, Eq. (57)
comes to
αˆa0 = −
a0
(
4 + v2
)
144b4v2
[
3b
√
1− b2
r2
R
rR
+
3b
√
1− b2
r2
S
rS
+
2b3
√
1− b2
r2
R
r3R
+
2b3
√
1− b2
r3
S
r3S
+3
(
pi − arcsin b
rR
− arcsin b
rS
)]
. (63)
For infinite-distance deflection
αa0 |∞ = −
a0pi
(
4 + v2
)
48b4v2
. (64)
4. β = 5/6, λ1 = 1/56, λ2 = 5
We consider β = 5/6, which leads to λ1 = 1/56 and λ2 = 5,
and in this case, Eq. (57) becomes
αˆa0 = −
a0
(
5 + v2
)
420b5v2
[
8
√
1− b
2
r2R
+ 8
√
1− b
2
r2S
+
4b2
√
1− b2
r2
R
r2R
+
4b2
√
1− b2
r2
S
r2S
+
3b4
√
1− b2
r2
R
r4R
+
3b4
√
1− b2
r2
S
r4S
, (65)
and the infinite-distance deflection is
αa0 |∞ = −
a0pi
(
8 + v2
)
256b8v2
. (66)
β→±∞,λ2=2 β=3/2,λ2=3β=1,λ2=4 β=5/6,λ2=5
4.0 4.5 5.0 5.5 6.0
-14
-12
-10
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-2
lg(rS/M)
lg
|α a 0|
v=0.9c, M=1, a=0.6M, a0=0.6M λ2, b=102M, rR=104M
FIG. 4. The deviation of finite-distance deflection angle from Kerr
spacetime. The vertical axis takes the value lg |αa0 |, and the hor-
izontal axis takes lg(rS/M), with v = 0.9c, M = 1, a = 0.6M ,
a0 = 0.6M
λ2 , b = 102M , and rR = 104M . The red solid line, pur-
ple dashed line, blue dotted line, green dash-dotted line correspond
to λ2 = 2, λ2 = 3, λ2 = 4, and λ2 = 5, respectively.
αa0 versus source distance rS is plotted in Fig. 4, where the
vertical axis takes the value lg |αa0 |, and the horizontal axis takes
lg (rS/M). We have set v = 0.9c, M = 1, a = 0.6M ,
a0 = 0.6M
λ2 , b = 102M , and rR = 104M . The numerical re-
sults show that the effect of a cloud of strings decreases as λ2(≥ 2)
increases. In addition, it is shown that the impact of source distance
rS on αa0 is very small.
V. CONCLUSION
In this paper, the Kerr solution surrounded by a cloud of strings
in Rastall gravity model has been obtained by using the famous
Newman-Janis algorithm. The influence of string parameter a0 on
BH thermodynamic properties has been discussed. As a main re-
sult of this work, the gravitational lensing of massive particles for
the Kerr solution obtained here is further considered by applying a
geometric and topological method. For the case that receiver and
source are infinitely far from the lens object, the GB theorem is ap-
plied to an osculating Riemannian space in which the particle ray
is a geodesic, and the result related to string parameter a0 is de-
scribed by Gamma function in Eq. (43). For the case that receiver
and source are finitely far from the lens object, the GB theorem is
applied to a generalized Jacobi metric space. The particle ray is not
a geodesic and its geodesic curvature should be considered to study
the gravitational deflection. The result related to string parameter a0
is described by hypergeometric function Eq. (57). It should be note
that the finite-distance deflection angle (57) can lead to the infinite-
distance angle (43), which shows that the same result for infinite-
distance deflection angle of massive particles can be obtained with
this two methods .
To conclude, the Hawking temperature and the gravitational de-
flection of particles by Kerr BH surrounded by a cloud of strings
were modified by string parameter a0. However, the angular veloc-
ity and Bekenstein-Hawking entropy of the BH are still the same as
the Kerr BH. Finally, to understand more about the impact of the
string clouds, a further study of the BH presented here is left in the
future.
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